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Faper canr I;c folded so that a straight Ene can be superimposed on ’

. - . another-straizht line on the same sheet. ’ ’ =

. . . ’ o Lines and amdles are=suid to be L(]lhll if they coincide when mle o T
: - ) ) be superimposed upon another by folding the Paper. T

= - R = -

“Hi these assumptions are aecepted.-then it s possible to perform all the -
constructions of pl.me l-uchdc.m geometry Iw folding and creasing. - o -

Yatterns for folding a’ areat variety of polyvhedra will be found in thc
mllowmg pubhc:nlmus: - - -

‘Harriey, MILES- C.,l ittcris of l’nlvlmdrlms Clm: wn,:' 'l’he’ hmhoi’-_;(gni;. -
\LN(\’ of I]lmma. 1045, - .- - :

Cusoy, I AL.and- Rol.r.rrr. AP, llatlmmalzm[ llmlcls. London Oxicrd
Lniversity Press, 19527 ) L -
~ “The-writer wishes to- give credit to thuse who have. previously described = -
miny: of the paper-fnltlmu projects-explained above. The writer- i most in-
debted to Robert C, Yites who furnished “the original mspmtmn and"infor-
_mation for using these materials.

~ References on paper folding:

BErcek. L.\m.. Josern, MaRrGaker b,\um-: Erner: and Cry, (,,uuu : - :
Devices for the Mathematics Laboratory.” The Matlematics T tfaclu'r e S
T 44:247-49: 48:42-44, 247, 49, ' o S . -
_ Leeaixe, J(ISFPH Fun with I’apcr. I’hlladelphl.l J P. anpmcott Co.. o - T
. 1939. : g o
= - - 7 Row. St \D;\R;\,Gcomclrlr Excreiscs in Paper Folding. Chicago? The Open - - :
. S ) Court Publighing Co.. 1941. B
- c- “Yates, Rouekt C. Geometrical Tools. St. Louis: Educaticna] Publishers, ——
: o 1949, -

~

B ) . Al figures for this manuscript were drawn by Charles B, Ihmem\'cr-m' ) -  §
E 3 L High School, Minneapolis, Minnezota, - i
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5 : L How To Fold the Basic Constructions
A variety of geometric fidtres and relationships can be demonstrated by
—_following the dircetions helow, 1f you have a supply-of wax paper. we are all
set for anew way of learning mathematics,

R -1. Folding a sfraigiuﬂi?(

- Any point P’ of -one_portion- of lh«, sheet of paper is- “folded over. and- held
T coincident with any point-Q of-the-other_portion; While these pomts areheld
- s together tightly by the-thumb™nd a finger of one Imml the ml«l is crch«I’ o
S — with the thumb and a finger- of the other - B Sl
S “~hand. This crease forms at points “equi- - L
- distant from P and- Q: The crease is es?
tended by _holding the crease-tightly with
the thumb-and finger of Doty hands, then =
: ; ) pulling the hands apart._The tension used
. - - in completing the crease should he Eept S
S - - constant on hoth- surfaces. Fhus the dis- © Figure 1 -
- o - tance from points=P and-Q-to the crease remains equal on each portion of the: ST
. I ~ sheet. The crease formed-is then the-locus of all points-of the sheet which- are )
- = " equidistant from P-and. 0.1s this locus a straight line?

S - - 2. A:shaigﬁi—liné—il;rough u*givenfpoiliiii

- - Fold the sheet over with the given point on the outside. Carefully form a
- . - short crease that passes through-the pomt Extend the crease as described
: - o above,

3. A line perpendicular to a given sfraigfu line

— Fold the-sheet over so that :t segment of the gwcn line iB is folded over
_ on itself. Hold the lines together tightly with the thumb and finger of both

- hands. Form the crease by pullm" the hands apart with the right thumb and

finger sliding. Why is the <trmght angle formed by the given line AB bisected
= o E by the crease C1)?

- - Figure 2
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. 4. The perpendicular to a line at a point on the lin?&

Fold the paper so the given line AB is superimposed on itself as in Num- . -
. : ~ ber-3.above and so that the crease passes through the given point P, )

o Fold B on A biit before creasing slide the paper, keeping the line coinci- -~ -
dent with itself, until the crease will pass through the given point P, Why is-
the fold through # perpendicular to AB? -

=

;. Aline pe;pendig:u[ar to a given line and passing ﬂ;ro(:gh a given
" point P not on the line o

N "This construction uses thefs:ufngmcthod of folding as Number 4 abow;c.;

A o =

. B IR \ L 2/// ’

E B o - : Figure-4

- - Figre 5
6. The perpendicular biseclor of a given line segment - =

- - Fold the paper so that the ¢énd points of the given line AB are super-
’ - imposed on each-other. Why is this crease CD the perpendicular bisector of s
- AB? Locate any point on-the perpendicular Lisector. ‘Test by superposition to B
see ii this point is equally distant from A and B. T

[l

- ’ 7. Aline parallel to a given-straight line

o ) - First fold the perpendicular ‘£F to the given line AB as in Number 3. )
) - ) . Nex: fold a perpendicular to EF. Why is this last crease CD parallel to the B
given line AB?

3 =
T .
7 1

1
I

5/ \
L

4 : i - g -
b - - D =
Figure 7

Figure 6

8. A line through a given point and parallel to a gl"v;ni straight line

First fold a line CD through the givé?n point P perpendicular to the ;;ivcn
line AB as in Number 5. In a similar way fold a line EF through the given

2
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— point P and perpendicular to the crease CD formed by the first fold. Why

does this crease provide the required line?

9. The bisector of a given ungie

Fold the parpcr so that the terminal sides AC and BC of the givchanglei
ACB coincide. Why does the crease pass through the vertex and divide the o
given angle into two equal angles? ) 4

Figure 8

_Figuie 9

- 10. The location of equally spaced points along a line CD

jEstjjf)lish any convenient length as the unit length by folding a segment -
of the-line upon itself. Form several equal and parallel folds by folding back
and forth and creasing-to form folds similar to those of an accordion. .

- 11, The formation of a right angle -

- Take any picce of paper, one edge (b x ¢) of which must be straight as — -
in Figure 11A below. Fold one end downit an acute angle as shown in Figure
11B. Then fold &-over to toich ¢, making Figure 11C. Why is the angle YXZ -

a right angle? T :

Figure 118
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| 'Geometric Concepts
lllustrated by Paper Folding

12. Vertical angles : 7 =

Fold any two intersecting creases AB

and CD intersecting at O. Compare, the

- _ vertieal-angles by folding through the ver-
~ tex O, placing BO on CO. Do AQ and DO -
coincide? Are vcrlic:il"nngles equal? _ ’

.

Flgurc 12 _
13. The sum of the angles of ‘a _tri-
- . angle

(a) Fold the gltitude BD of the gnun
triangle ABC (Figure 137). - .
- (b) Fold-the vertex of the triangle B~

upon-the base of the altitude D (Figure
13B). A

Q....un-uuu:-;_-“—-.-..... oy

- ’ (c) Fold the hise angle vertices - and
C to the base of the altitude D: Does
LA+ B4 /C make up a slralght
angle (qure 13C)? - ’

) FugurcilSA .

. | % \
14. The area of a triangle - A “

In Figure 13C-the rectangular shape has ~ Figure 138 -
~ sides equal 1o one-half the base of triangle

ABC and one-half the altitude BL-(Figuie T
14). What is the area of the rectangle? !
—==+_How does the area of -the original triangle H
o ABC compare with this rectangle? What 8/ -
j then is'the aren of the triangle? AD <
Figure 13C
. —— = 15. The midpoint of the hypotenuse
) : of a nght triangle ‘ _
{: 1) Iold or draw any right triangle : ;
ABC (Figure 157), =" :
& (b) Bisect the hypotenuse 4B by i -
folding A on B. Fold the line from the b

midpoint D to C (Figure 138). "~ Figure 14

g
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(c) Compare CD, AD, and RD by folding a crease through D. Will CD
and BD coincide? Fold another crease thmugh D to see if CD and AD

will coincide. Is CD = AD —=-BD?

- 1

Figure 15A

16. ‘l’he base ungles of an isosceles triangle

- Fold the perpendicular blcccmr BD-of a given line segment AC.

oblique lines +1B and BC from the ends-of .
the given line t0'a common point B on the

perpendicular bisector to form an’isosceles

triangle ABC. Compare the base angles by
superposition by folding along -BD. Are
angles 4 and C equal?

17. The mtersecfuon of the almudes

of a triangle

Fold the al altitules to each side of the
given triangle. Do they intersect in a com-
-mon point? What is the intersection point
of two altitudes called? How do the dis-
tances from-the point of intersection of
these altitudes to the vertices And the bases
of the triangle compare?

18. The intersection of the angle bi-
sectors of a triangle

Fold the bisectors of cach angle of the
gnen triangle. Do the bisectors intersect
in a common point? What is the point of
-intersection of two angle bisectors called?
Foid the perpendicular from this point of
intersection of two angle bisectors to each
side of the triangle. Compare the lengths
of these perpendiculars by superposition.
Are the lengths equal?

Figure 158

Crease

Figure 18
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19. The m'ersechon of the perpendccular bcsec'ors of the sldes
_ of a triangle .

Fold the perpendicular bisectors of each side of the given -acute triangle.
What is the common point of intersection of these lines called? Fold creases
from this point to each vertex of the triangle. Compare these lengths by -
superposition. Are these lengths equal? o

20. 'l‘he in'ersecﬁon of the medians of a triangle .-

Bisect the three sides of the given triangle. Fold the crease from the mid-
point of each side to thc opposite vertex. What is this common point of
intersection called? How do the distances from the point of intersection of -

~ two medians to each vertex of the triangle compare> Try balancing the tri- _
- ﬁang]c by placing it on a pm at-the intersection of two medians. What is this
point called? - ) -

([

] Figure 15 _ F gure 20
- ~ —21. The area of a parallelogram

Cut a’ trapezoid with one side CB per-
pendicular to the parallel sides. Fold the
altitude DE. Fold CF parallel to AD. When
triangle FCB is folded back, ADCF is a
parallelogram. When triangle ADE is folded
back., DCBE is a rectangle. Are triangles
ADE and FCB congruent? Is rectangle
BCDE equal to parallelogram ADCEF?
What is the formula—for the area of a
parallelogram?

22, The square on the hypotenuse is
equal to the sum of the squares
on-the two other legs of a right
triangle-

Use a given square ABCD. Make any
crease GH. Complete the squarc GHEF
by forming right anglesiat .G and H. Fold
GJ, HK, EL, and FM by folds” perpendi -

€

6
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ular to the sides of the given square ABCD. Note that LH = GK = FJ =
AF. How can you prove that &% 4 g% = ¢*? -

23. The diagonals of a parallelogram

Fold the diagonals of a given parallelo-
gram. Compare the lengths of intersected
segments by superposition. Are the diag-
onals of a parallelogram equal? Do ‘the
diagonals bisect each other?

24. The median of a trapezoid

Fold the altitudes at both ends of the
shorter base C/ and D/ of the trapezoid
ABCD. Bisect each nonparallel side and
connect these midpoints with a crease EF.
Does this median EF bisect the altitudes?
Is this median ..F perpendicular to the
altitudes? Is this median parallel to the

bases? Fold - on / and B on J. How does -

the sum of CD and AB compare with the
median EF?

25. The diagonals of a rhombus

Fold the diagonals of a given rhombus
ABDC. Compare angles and lengths of the
diagonals by superposition. Do the diag-
onals intersect at right angles? Do the
diagonals bisect each other? Is triangle
ABC congruent to triangle BCD? What
area will be found by the product of AD
and CB?

26. A line midway between the base
and vertex of a triangle bisects
the altitude and equals one-half
the length of the base

Bisect two sides of the triangle ABC.
Fold a crease through these mid-points EF.
Fold the altitude to the side which is not
bisected. Is EF the perpendicular bisector
of BD? Is EF parallel to AC? Fold 4 and
C upon D. How does the length of EF
compare with the length of AC?

Figure 23

NN

0
!
1
i
=y
I

ol i Y

Figure 24
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Figure 26
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Circle Relationships
Shown by Paper Folding

[

Cut out several large circles. Some of them should be drawn with a pattern
so that the center is not located.

27. The diameter of a circle

Fold the circle upon itself (Figure 27).
Does the crease .15 bisect {he circle? What
line is the erease .1B?

el . Figure 27
28. The center of d circle .-

Fold two wutually perpendicular diameters. Are the diameters bhisected?
At what peint do the diameters intersect?

29. The center of a circle of which only a portion (which includes
the center) is available

Fold any two chotds 1B and CD. Fold the pérpendiculaj bisectors of these
chords. Why is the intersection 1 of these perpendicular bisectors the center
of the circle?

Figure 28

30. Equal chords and equal arcs in
the same circle

Locate the center O of the circle by fold-
ing two diameters. Fold the circle along a
diameter A.2. While folded, fold a portion
of the circle forming two equal chords, AB
and AC. How do the arcs AB and AC com-
pare? Fold radii BO and CO to form the - Figure 30A

8




— central angles AOB and AO0C. Compare the

ERIC

Aruitoxt provided by Eic:

central angles by superposition, Fold the
perpendicular  bisector EQ and FO of

_chords B and AC. Compare lengths EO

and FO by superposition, What generaliza-
tions can you state about equal chords and
equal arcs of the same_circle?

31. A diameter pérpendicular to o
chord

Fold a..y chord 1B, Fold a diameter CD
perpendicular to this chord. How do the
segments of the given chord A E and EB and
the subtended arcs AC and CB compare?

C

(b}
Figure 31

32. The perpendicular bisector of a
chord

Fold any chord AB and its perpendicular
bisector 'D. Fold two diameters, neither
one parallel to the perpendicular bisector.
Do the three creases intersect in a common
point? What is the point of intersection of
the perpendiciilar bisector and one diam-
eter called?

33. A radius that bisects the angle
between two radii -

Fold any two radii A0 and BO. Fold

9

Figure 30B

Figure 33




the chord AB subtended by these radii. Fold the bisector OC of the angle
between the radii, A0 and BO. How is the bisector of angle OB related to
the chord AB?

Exercises 34, 33, and 36 below should be done with a circle outlined on
a sheet of wax paper.

34. Arcs of a circle. int. - cepted by parallel lines

Fold any diameter AB of circle O. Fold
two parallel chords by folding two perpen-
diculars to this diameter. Compare the in-
tercepted arcs CD and EF by folding the
parallel lines upon each other so that the
intercepted arcs coincide. How do the
lengths of arcs ED and EF compare?

£

Figure 34

35. The angle inscribed in a semi- c -
circle

Fold any diameter AB. At one end of
the diameter fold any chord AC. Fold the .
crease CB forming a triangle ABC. What is
the size of the angle formed by the chords
AC and BC?

Figure 35

e o

36. To construct a tangent to a circle \
at a given point on the circle \

Fold the diameter of the given circle
passing through the given point P on the -
circle. At P fold the line perpendicular to \
the diameter. Why is this last crease a \
tangent to the circle?” Figure 36




-

: Products andﬂFa'ctors

37. (x+y)(x-y)=x'~’-y'-'

(a) Let any rectangular sheet of paper represent a rectangle with di-
mensions x and x - v (Figure 37A).

(b) To determine v, fold the upper left-hand vertex down to the bottom
edge. Thus x == RT and Y= UZ. Fold along I’ (Fizure 37B).

R w v w
X -
X+Y - X R Y
T Z T U Z
Figure 37A N Figure 378

(¢) Return R to its original position. RTVU is a square x units on each
side. UVWZ is a rectangle with dimensions x and ¥ (Figure 37C).

(d) Fold W to line VU7 forming a right triangle VWS, Fold LS (Figure
37D).

R v w R v
P
VAR }
a
x /’ ; L ___________ lud s
s { i
/s I h
V
/ ] e 1
’ f !
/ | 1
7 X Ly I
T y 2 T u z
Figure 37C Figure 37D

11




(e) Label the dimensions of each section as shown in Figure 37E. Cut
or tear into the-rectangles M, N, P, and Q. Discard rectangle 3.

1
|
M g p >
e e o e e — —— — — _’———-_
1
- ] N
x i
& N FQ
X A ,
- - t
Figure 37E —

(f) Rectangles & and Q will form a rectangle with the dimensions

(¥ + 3) and {x — ) in Figure 37F. The area of vV is x(x — ¥) or

- x* — xy. The area of Q is ¥(x — ) or xy — y*. Thus (x + y) (x — y)
= (2" —xy) + (& — »°) = &% — %

X+Y

N -

M (x*-xv) &

(x¥=¥2).~

Figurg 37F

(g) Use rectangles ¥, Q, and P to form the square x by x (Figure 37G).
By removing P (subtracting y°), the resulting figure can be formed into
the rectangle (x — y) (x+ v). Thusx* — ¥y = (x— ) (x 4+ 5). -

N

X

Figure 37G




Polygon Constructions

38. Triangle

Fold any three nonparallel creases which
will intersect on the sheet.

39. Rectangle

.. Fold any straight line 4B. Fold points
A and B upon line AB to form CD and
EF 1 to AB. Fold point C-upon line-CD
to make G i to CD. Why is DFHG a
rectangle?

Find by superposition what relation-
ships of lines and angles are true for all
rectangles. '

40. Square

Fold the rectangular shect so that one
of the right angles is bisected (line BE).
Fold FE perpendicular to AD. Why is
ABFE a square? .

What relationships of lines and angles
are true for all squares?

41. Other relationships in the square

can be derived by these foids

(a) Fold the diagonals AC and BD
and the medians EG and FH,
1. How do the diagonals compare in
length?
2. At what angles do the diagonals
ntersect?
3. What triangles formed are congru-
ent?
4. How many triangles are formed?
(b) Fold the creases copnecting the
midpoints of the sides of the square EF,
FG, GH, and HE.
1. How does the inscribed square
EFGH compare with the original
square ABCD?

Figure 38
[ E
I i
— e ——
T — H
I 1
I i
I .
i “1
I I
A--fb——~—————1—.+’:l ~8
i - 1
Figure 39 i
8 F C
~ 1 .
1
A% b
\\ H -
\\ ;
\\\ i
N
My
A E D
Figure 40
8 F C
g ,
\\\ ’,/ ; \‘\ ,’r
X x
.’ \\ : e >
[ JA—- T
BN ’,
hY 210N ,
A\, i N o/
Al Al
VRN RN
7/ \\!’/ AN
A H

D
Figure-41 A and B

2. What triangles formed in this figure are congruent?

13




(c) i the area of the original square
ABCD is 1 square foot, what are the
areas of the other squares formed by
folding the corners to the center (Fig-
ure 41C)? )

42. Equilateral triangle

(a) Bisect a rectangular piece of paper
ABCD by folding one long edge on the Ficure 41
other long edge (Figure 427). igure 41C

(b) Fold-one corner - upon EF so that the crease GB will pass through
B (Figure 42B).

) C — s

Ehm o e 2 F Ade e e e f

8 ] 2 a . D
Figure 42A Figure 428

(¢ Fold the corner B so that BG falls upon the edge CG (Figure 42C).
Why is BGH an equilateral triangle?

A
~ F\\\ h
-__..--::::,P ________
F ,//
H D . e T
Figure 42C Figure 43 :
43, lsosceles triangle
Fold the perpendicular bisector of a side
AB of a rectangular sheet of paper. Fold 8 F ¢
creases from A and B to any point P on j
the perpendicular bisector of AB. '
What angles and lines are equal in this !
figure? - I 1 JORR 6
- ’
44. Hexagon !
(a) Fold a square ABCD-to obtain :
lines EG and FH which divide the square A ;‘ D
into four equal parts (Figure 44A). Figure 44A

14
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(b) Locate points I, J, K, L, by foldinz equilateral triangles on EOI,
GOJ, FOL, and GOK.
(¢) Fold the hexagon EIJGKL (Fzure ~4C).

Y 8 £ C
Moo
PR PR
S UN s { N
1 «:— v 10 i A
SO N B N
\ : / i\\ i/
\ / L 4
OO T B N I
N1 7/ § i/
\l/ 1 LS4
YL 1 VK
H i i
A H D
Figure 448

|/' ------- AJ
- \\
/ Y
/ \
/ A
/I \
( 16
\ /1
\ //
\\ ,I
\ /
L\. e o e e et e ed K
Figure 44C

(d) An easier way to fold a hexagon is to fold the three corners of an
equilateral triangle to its center (Figure 44D). How does the area of the
triangle ABC compare with that of the hexagon DEFGHI?

Figure 44D

45. Crctagon

Fold a square ABCD to obtain the mid-
points E, F, G, H. Fold the inscribed
square EFGH. Bisect the angles formed by
the sides of the original square and the
sides of the inscribed square EFGH. Why
is EJFKGLHI a regular octagon? —

By bisecting or trisecting the angles at
the centers of squares or triangles, many
other polygons can be formed.

15

Figure 45




> Polygons Constructed by ,
. - .
Tying Paper Knots
46. Square
Use two strips of paper of the same width.
(a) Fold each strip over upon itself ¢ form a loop (Figure 46:).
(b) Insert an end of one strip into the loop of the other so that the
strips interlock. Pull tightly together and cut ofi surplus. Why is the poly-
gon a square?
- T e
B Figure 46A g Figure 468
47. Pentagon
Use a long strip of paper of constant width. Adding machine tape is a
convenient size strip to use. Tie an overhand knot like the first knot in tying
- a shoe string (Figure 47A). Tighten and crease flat. Cut the surplus lengths.
Unfold and consider the set of trapezoids formed by the creases. How do
the trapezoids compare? .
Figure 47A . Figure 478
48. Hexagon
Use two long strips of paper of equal width. Tie a fuare knot as shown ’
in Figure 48A. Tuck the ends of each strip into the loop of the other. Tighten -
and crease flat. Cut the surplus lengths.
16 - - .
(&) - )

E

RIC
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Figure 488

49. Heptagon

Use a long strip of paper of constant width. Tie a knot like that for the
pentagon above but before tightening. pass the lead strip onder the knot and
buck through the center,

— £

‘ Figure 49A - " . Figure 498

X

50. Octagon

Use two long strips of paper of the same width, First tie a loase overhand
knot with one strip like that for the pentagon above. The figure below shows
this tie with the shaded strip going.dgom 1-2-3-4-5. With the second strip,
start at 6. pass over 1-2 and over 3-4. Bend up at 7. Pass under 4-5 and 1-2.
Bend up at 9. Pass over 3-4. under 7-8 and 4-3. emerging at- 10, Tighten and
crease flat. Cut surplus lengths 1. 3. 6. 10.

N\

Figure 50A - Figure 508

)




Symmetry

51. Line -symmetry

Fold two perpendicular creases, keeping the paper folded. Cut any edge
into a plane curve with scissors. When unfolded, the cut curve is symmetrical

" .to both creases,

]
|
1
i
i
i
f
+
1
i
]
i
t
1
[
]

Figure S1A Figure 518
52. Line and point symmetry 7

Fold two perpendicular creases, dividing the paper into quadrants. Keep
the paper folded. Form a design or geometric figure by pricking through the
four layers of paper with a pin. Prick the paper at the vertices of the figure,

"When the paper is unfolded, the figures formed by the pin pricks will possess

line symmetry in adjoining quadrants and point symmetry in alternate quad-
rants, T ‘

Tl EZ

b e el e ]

Figure 52A ) Figure 528

53. Symmetrical design

Fold two perpendicular creases, dividing the paper into quadrants, Fold
once more bisecting the folded right angles. Keep the paper folded. Trim the
edge opposite the 45° angle so that all folded parts are equal. While the
paper remains folded, cut odd-shaped notches and holes. Be sure to leave
parts of the edges intact. When the paper is unfolded, a symmetrical design
is apparent. .
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Figure 53A 5 Figure 538
54. Snowflake pattern : -

Snowflake patterns can be formed by folding and cutting in much the same

- way as in Figure 33. A straight angle is formed by a crease. This straight

angle can be trisected approximately by folding up both edges of the crease

and sliding them between thumbs and fingers until the edges match (Figure

o : = 54A). Fold once more to bisect the 60° angles (Figure 34B). Trim and cut
many notches as in Figure 54C.

Figure S4A Figure 548

Figure 54C




%

—

Conic Sections

5;. Parabola

Draw any straight line m to be a dircctrix. Locate a pomt F not on the
given line to be the focus. Fold the point F
upon the directrix m. Repeat this fold from

20 to 30 times by moving F along-the line a1 /,/,”’
m and creasing. These creases are all tan- // 7"
gent to the parabola having F as a focus /,’}/
and “the given line as a directrix. These ;‘3?,”
tangents are said to “envelope™ the curve o F
and give the illusion of curvature. The Lo\
result is based on the property that any ‘,‘:i\
" tangent to a parabola bisects the angle be- . A
tween the focal radius and the line from ‘:“ N
the point of tangency perpendicular to the RO
directrix. i Figure 55
_ 56. Ellipse
Praw a circle with center 0. Locate a
point £ inside the circle. Fold the point F X
upon the circle. Repeat this fold from 20
to 30 times by moving F along the circle v

and creasing. Fach crease is tangent to an
ellipse with foci ¥ and O. The figure at
right shows F folded upon X. Since the
fold ¥Z is the perpendicular bisector of
- FX, FP = PX. Thus O - FP = OP 4
PX = 0X = a constant. the radius. Con- Figure 56
sequently the locus of 2 is the ellipse with
O and F as foci. The crease 1'Z is tangent
to the ellipse at P since A FPZ = 1 2PX
= Z0rY,

57. Hyperbola

£ Draw a circle with center 0. Locate a

point F outside the circle. Fold F upon
the circle repeatedl¥as for the ellipse. Each
crease is tangent to thé hyperbola having
O and F as foci. In the figure at the right
F is folded upon X. Since ¥Z is then the Figure 57

20
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perpendicular bisector of FX, FP = PX. Thus FP — PO = PX - PO =
a constant. the radius. Also / FPZ = / XPZ. The asymptotes are the creases
determined by points X that are intersections of the given circle and the circle
on OF as a diameter. :

58, Conic section models

-

FForm a cone by cutting a <ector of a circle (Figure 58A) and gluing along
the radii (Figure 58B). Graph the equation x* 4+ ¥ = 144 and cut out the
circle. Place the cut-out circle on the cone to illustrate that a circle is a
section of a cone cut by a plane parallel to the base.

Figure 58A Figure 588

Similarly graph an equation such as x* 4 4y* = 144 or * 4 25y* = 400.
(it out the ellipse as shown in Figure 58C. Place the ellipse on the cone as
shown in Figure 381D to show that an ellipse is a section of a cone.

Figure 58C Figure 58D

Draw the graph of v! = 4x or » = 3x. Mount the graph on cardboard
and cut out the concave area as shown in I‘xgure S8E. A simple frame for
the parabola can be made by punchmg holes in the corners of the card with
a paper punch and insérting small, rolled-up pieces of paper to serve as legs
(Figure 58F). Lay the cone on one side and adjust the graph so that it is
parallel to the plane at the table and at a height so that the cone wxll fit
the graph (Figure 58G).

21
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Figure 58E Figure 58F

Figure 58G  Figure 58H

Graph an equation of the form y¢ — x* = 2¢ or y? — x? = 144. Mount
the graph on cardboard and cut out one branch of the resulting hyperbola.
Form a cone from a sector having a central angle of 255°. Under these con-
ditions the asymptotes of the curve will be perpendicular and a section
through the axis of the cone (when a = 0) should be two perpendicular lines.
The axis of the cone and the plane of the curve must be parallel to effect any
hyperbolic section. Attach paper feet to the graph (Figure S8I). Fit the graph
to the cone in a vertical position as shown in Figure 58].

rd
4
\
x

Figure 581 Figure 58)
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Recreations

59. Moebius strip

Use a strip of paper at least 15 inches wide and 24 inches long. 1f you
glue the ends of this strip together, the result is an ordinary round band.
To make a Moebius strip, give one end a half turn (180°) before gluing it
to the other end. If you draw an unbroken pencil mark on the strip, you will
return to the starting point without crossing an edge. ‘Thus this strip of paper

has only one surface. Stick the point of a scissors into the center of the -

paper and cut all the way around. You will ve surprised by the result! Cut
the resulting band down the middle for a different result. Make another
Moebius strip and cut the strip by cutting along the edge )5 of the width
of the strip from an edge.

Figure 59

60. Five-point star

Use a five-inch square of paper and fold it from corner to corner (Figure
60A). The base line 4B will be about seven inches long. Locate D, the mid-
point of AB, by folding 4 on B. Locite E so that AE is 153 AC. This can be
done by folding or by measuring to make AE 1-11/16 inches.

Ol -rm e ey

x 7 A

Figure 60A Figure 60B
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Fold B over .1C so that BD coincides with £ (Figure 60B) and BF inter-
sects AC at G, Fold DF upon DB forming a ciease DG (Figure 00C).

B<

A D

Figure 60C Figure 60D -

D

Fold AD back and crease along BD so thut AD will coincide with GD
(Figure 60D). Locate the midpoint / of FD. Cut along the line G/ to form
the star shown in Figure 60E.

Figure 60E

61. Hexaflexagons

This dramatic variation of the Moebius strip requires a paper strip that is
at least six times its width in length. ’

(a) First fold the strip to locate the center line CD (Figure 61A) at one -
end of the strip.

(b) Fold the strip so that B falls on CD and the rcétnlting crease AL
passes through .1 (Figure 61B). What kind of a triangle is ABL?

A A
; c
) ISR . ’; —————— D
8 £
Figure 61A Figure 618
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kc) Fold the strip back so that the crease (

LEG) forms along BE (Fig-

ure 61C). What kind of a triangle is £G-1?:Next fold forward along G,
forming another triangle. Continue folding back and forth until ten equi-
lateral triangles have been formed. Cut off the excess of the strip as well

as the first right triangle A BE,

(d) Lay the strip in the position shown in Figure 61D and number the

triangles accordingly.

(e) Turn the strip over and number as shown in Figure 61E. Be sure

that triangle 11 is behind triangle 1. Colorin

g each triangle or drawing

designs on them will add to the attractiveness of the hexaflexagons,

2 /N4 /\6/\8/\w0
N3N sN/1\/o\/ 3

z

FRONT

8 \':‘l\——"'"'o - WACTATAGIAG
\{\ R\/1a\/i6\/18\ /20
£ A

Figure 61C

(f) To fold the hexaflexagon, hold the stri
Figure 61D. Fold triangle 1 over triangle 2.
triangle 14 and triangle $ on triangle 7. If you

BACK
Figure 61 D and E

p in the position shown in
Then fold triangle 15 on
r folding now gives you the

arrangements shown in Figures 61F and 61G, glue triangle 1 to 10. If you
do not have this arrangement, recheck the directions given.

i 4

Figure 61F

Your hexagon will :.ow open and give you th

Figure 61C

ree surfaces or six designs.

"The designs open easily by folding in the three single edges. forming a three-
cornered star and opening out the center. “T'he Mathematics Teacher of April

1951, page 248, gives further directions for foldin
has six surfaces and twelve designs.

§
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62. Pyramid puzzle

Draw the pattern shown in Figure 62 on heavy paper such as manila paper.
The triangles, hexagon, and square all have equal length sides. Cut out and
fold on the dotted lines. Fasten the edges with cellophane tape. Arrange two
of these objects to form a tetrahedron. What unusual cross-section of a tetra-

hedron is involved?

63. Proof of the fallacy that every triangle is isosceles

Fold the bisector of the vertex angle and the perpendicular bisector of the
base. These creases will intersect outside the triangle, which contradicts the

assumption that these lines meet inside the circle.

Figure 62

64. Cube

(a) Fold a piece of paper down so as to form a square and remove the
excess strip. The edge of the resulting cube will be )4 the side of the
square (Figure 064A).

(b) Fold the paper from corner to corner and across the center one way
through the midpoint of the sides (Figure 64B). The fold across the center
should be in the opposite direction to that of the corner-to-corner folds.

Figure 64A

26
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(c) Let the paper fold naturally into shape shown in Figure 64C.
(d) Fold the front 4 and B (Figure 641)) down to point C,

Figure 64C Figure 64D

(e) Turn it over and do the same for the back corners, F and G. A
smaller square results (Figure 64E).,

-(f) The corners on the sides D and I are now double, Fold the coriers
D and E so that they meet in the center, Turn the square over and do the
same for the corners on the back side (Figure 64F).

2) One end of the Figure 641 will now be free of loose corners. Fold
the loose corners on the opposite end I/ and K outward on the front to form
Figure 64G. Do this for the corresponding corners on the back,

: o’ : ‘o | ‘
H K
D £ V‘v
c
Figure 64E Figure 64F Figure 64G

(h) Fold the points I and K inward to the center. Do the same with
the points on the back of the form (Figure 64H),

o]
L N
M P
Figure 64H
27




(i) Open out the folds D and E and tuck the triangles LHAM and KNP
into the pockets in D and E. Do the same with the points on the back
(Figure 641).

(j) Blow sharply into the small hole found at O and the cube will in-
flate. Crease the cdgcsiand the cube is finished (Figure 64]).

Figure 641 Figure 64)

65. A model of a sphere

Cut three equal circles out of heavy paper. Cut along the lines as shown
in Figures 657, 638, and 65C. Bend the sides of Figure 65A toward each
other along the dotted lines AB and CD and pass this piece through the cut
in the center of Figure 65B. Open Figure 65A after it has been pushed
through Figure 65B.

Tigure 65A Figure 658

Bend the sides of Figure 65A along the dotted lines EF and GH and bend
Figure 65B along the dotted lines 7 and KL. Pass Figures 65A and 65B
through the cross-shaped cut in Figure 65C. This will form the sphere model
shown in Figure 65D. This model is suitable for demonstrating latitude and
longitude. time zones, and spherical triangles, Tt can also be used as geometric
decorations for the Christmas tree or for mobiles. If the model is to be made
out of cardboard, Figures 63 and 65C chould be cut into two semicircles
and fitted into Figure 63B. - -
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Figure 65C : Figure 65D
66. Pop-up dodecahedron ——

Cut two patterns as shown in Figure 66A out of cardboard. Fold lightly
along the dotted lines, Place these patterns together as shown in Figure 66B
and attach with a rubber binder, Toss the model into the air and it will form
a dodecahedron, If you are not succef¥ful in the first attempt, change the
rubber binder or use a different type of cardboard,

Figure 66A Figure 668

67. A three-dimensional paper star

(2) To make a four-inch star, cut
accurately four strips of paper one inch
; wide and 28 inches long. Use colored
Figure 67A paper, plain silver or gold or many-
colored  Christmas wrappings, If the
baper is colored on one side only, cut
twice as wide and fold evenly down the
length so that color is on both sides.
Fold strips in the middle as shown in
Figure 67A. I'rim ends to form™ blunt
points, Cut strips wider and longer to
make larger stars.

(b) Place four folded strips in inter-
locking position to form a basket weave,
Dotted lines in the drawings indicate the

(-

[

L

S

N continuation of strips throughout these
Figure 678 instructions.
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(c) Tighten the basket weave until the four strips are firmly interlocked.
Turn over. Holding in left hand, turn down front strip at upper left. Crease
and turn star clockwise.

7 (d) Fold down three remaining top strips to form a second basket weave,
turning clockwise. When you turn down the fourth strip, weave it through
the first strip as shown here.

===

-

_

| f 2.

Figure 67C . . Figure 67D
7

W

[T

(e) Foid upper right strip away from you to make right angle triangle
#1. Fold strip toward you tc form triangle #2. Fold triangle #2 over
#1 to form flat point as in Figure 67F.

(f) Fold triangle #3 back and weave the end down through the basket
weave as shown. Turn clockwise and make points on three remaining upper
righthand strips. Push loose strip out of your way for last weaving.

1 AR

T

1
i
|
1
—
——
|
|
]
L

L]

L]

I B

4 Figure 67E Figure 67F
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(2) Turn star over and repeat steps (d) and (¢) until you have eight
points. Your star will then look like this—four strips showing back of four
points and four ~trips covering four points (Figure 07G).

(h) To make center points, take end of lower righthand strip in right
hand and with a loop motion, keeping right side up, push through upper
lefthand basket and tlat point.

A9 .
L

‘D

I

e s e e

Figure 67G Figure 67H

(i) Fold lower right strip up, then over to right. Pull strip tight to form
point. Turn star clockwise and continue until you have four points at the
center. Turn over and repeat on other side. Trim ends.

A

~«  Figure 671
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Patterns for Polyhedrons

Cut the following patterns from cardboard. Fold along the dotted lines.
Use the tsbs for gluing.

* 68A. Tetrahedron

b

68D, 68E. Icosahedron
Stellated polyhedrons can be made by attaching pyramids to each face of
these regular polyhedrons. Each pyramid should have a base congruent to

the face of the polyhedron.
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